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ABSTRACT. A homographic map in the field of p-adic numbers Q p is studied as a dynam- 
ical system on P 1 (Q P ), the projective line over Q p . If such a system admits one or two 
fixed points in Q p , then it is conjugate to an affine dynamics whose dynamical structure 
has been investigated by Fan and Fares [16]. In this paper, we shall mainly solve the re- 
maining case that the system admits no fixed point. We shall prove that this system can be 
decomposed into a finite number of minimal subsystems which are topologically conjugate 
to each other. All the minimal subsystems are exhibited and the unique invariant measure 
for each minimal subsystem is determined. 
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1. Introduction 

Let Q p be the field of p-adic numbers. Throughout this paper, we let tfi be a homographic 
map on Q p of the form 

ax -4- b 

(f>(x) = cx + d (a, b, c, d € Q p , ad - be ^ 0). (1.1) 

We shall consider as a one-to-one map on P 1 (Q p ), the projective line over Q p , and study 
the so-called homographic dynamical system (P 1 (Q p ), <fi). 

Such homographic dynamics systems on the usual field C of complex numbers have 
relatively simple behavior. The reason is that C is an algebraically closed field. But it is 
not the case for the field Q p . 

Our main result shows that the dynamical system (P 1 (Q p ), 0) is decomposed into min- 
imal subsystems. This decomposition essentially depends upon the fact that there is one 
fixed point, two fixed points or no fixed point for <fi : ¥ 1 (Q p ) —> ¥ 1 (Q p ). First observe 
that if c = 0, then (f> is an affine map, of which the dynamical structure on Q p was studied 
by Fan and Fares [16]. So we shall assume that c ^ 0. Then oo is never a fixed point and 
the number of fixed points of on P 1 (Q p ) is the same to that on Q p . As we shall see, if 
4> : P a (Qp) -> PHQj,) admits one or two fixed points, then (P 1 (Q p ), 4>) is topologically 
conjugate to an affine dynamics. So we are mainly concerned with the case where <\> admits 
no fixed point in Q p . In this case we shall consider the quadratic extension K of the field 
Q p which contains the solutions of cj)(x) = x. We first study the dynamics (P 1 (iiT), (f>) 
then its restriction on P 1 (Q p ). 

The present study contributes to algebraic dynamical systems. See [2, 3, 4, 5, 8, 9, 
10, 20, 27, 28, 29] for recent developments. See also the monographs [6, 7, 21, 31] and 
their bibliographies therein. The first work on affine dynamics seems to be that of Oselies 
and Zieschang [26]. They considered the continuous automorphisms of the ring of p- 
adic integers Z p viewed as an additive group, which are multiplication transformations 
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M a {x) = ax with ogZ^.a unit in Z p , and they constructed an ergodic decomposition of 
M a : Z* i—)- Z* , which consists of the cosets of the smallest closed subgroup containing 
a of the unit group Z* . These multiplication transformations were also studied by Coelho 
and Parry [12] in order to study the distribution of Fibonacci numbers. A full study on 
the ergodic decomposition of affine maps of integral coefficients was realized by Fan, Li, 
Yao and Zhou [17]. The ergodic decomposition of affine maps (with coefficients in Q p ) 
on Q p was studied by Fan and Fares [16]. A general discussion was given to isometries 
on a valuation domain by Chabert, Fan and Fares [11]. Polynomials with coefficients 
in Zp were studied as dynamical systems on Z p by Fan and Liao [18]. The polynomial 
dynamics on a finite extension of Q p have been investigated by Fan and Liao [19]. Diao 
and Silva studied rational maps [15]. It was shown ([15], Proposition 2) that rational maps 
are not minimal on the whole space Q p . But in this paper we will show that there exist 
homographic maps (rational maps of degree one) which are minimal on the projective line 
P 1 (Qp)- One important reason that we can sometimes obtain the minimality on the whole 
space P 1 (Q P ) is that the infinity point is included and considered (see Section 5). We 
remark that the minimality is equivalent to the (unique) ergodicity with respect to a (the) 
natural measure (see Section 6). In the case of Q p , the natural measure is the Haar measure. 
While in the case of P 1 (Q p ), the natural measures are in general not the Haar measure but 
absolutely continuous with respect to the Haar measure, and they are determined in Section 
6. Some other studies on the rational maps can be found in [1, 13, 22, 23], in which the 
dynamical properties of the fixed points in C p or in the adelic space are investigated, but 
the dynamical structure on the whole space remains unclear. In this paper, we can give a 
vivid picture of the dynamics of the homographic maps on whole space P 1 (Q p ). 

As indicated above, the dynamics of <fr depends on the number of its fixed points which 
are the solutions of the following equation 

ax + b 

: = x. (L2) 



The equation is actually a quadratic equation cx 2 + (d — a)x — 6 = with its discriminant 

A = (d - a) 2 + Abe. 

We distinguish three cases: 

Case I. A = 0. Then <f> has only one fixed point in Q p and cf> is conjugate to a 
translation ip(x) = x + a for some a £ Q p . The minimal decomposition of is 
deduced from that of x n- x + a which is known in [16]. 

Case II. A ^ and V A € Q p . Then <f> has two fixed points in Q p and <f> is con- 
jugate to a multiplication x i-> fix for some j3 € Q p . The minimal decomposition 
of 4> is deduced from that of x H > f3x which is also known in [16]. 
Case III. A 7^ and y/A ^ Q p . Then has no fixed point in Q p . But 4> has two 
fixed points in the quadratic extension Q p (\/A) of Q p . 

Our main work is the study of the Case III (see Section 5 for details). For x £ P 1 (Q p ), the 
orbit of x under tfi is defined by 

O^x) := {<j> n {x) : n > 0}. 

If E is a compact (^-invariant subset (i.e. 4>{E) C E), then (E, <fi) is a subsystem of 
(P 1 (Qp),^>). The minimality of (E,cf>) means that E is equal to the closure O^x) for 
each x e E. 
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Theorem 1.1. Suppose that <f> has no fixed point in P 1 (Q P ) and <f) n 7^ id for all integers 
n > 0. Then the system (P 1 (Q P ), 4>) is decomposed into a finite number of minimal sub- 
systems. These minimal subsystems are topologically conjugate to each other. The number 
of minimal subsystems is determined by the number 

_ a + d + \fK 
a + d- \fK' 

The details of the decomposition in Theorem 1.1 are described in Theorems 5.3-5.4 and 
Theorems 5.7-5.9. Notice that forp = 3, we distinguish the unramified quadratic extention 
from the ramified ones. While for p = 2, we need distinguish three cases: <Q>2(A) = 
Q 2 (\/=3); Q 2 (A) = Q 2 (\/±2),Q p ( N /±6); andQ 2 (A) = Q 2 (\/=T), Q 2 (x/3). 

We also prove that the minimal subsystems are conjugate to adding machine on an 
odometer. Let (p s ) s >i be a sequence of positive integers such that p s \p s+ i for every 
s > 1. We denote by 1>( Ps ) the inverse limit of Z/p s Z, which is called an odometer. The 
map x x + 1 is called the adding machine on Z( p \. 

Theorem 1.2. Under the same assumption of Theorem 1.1, the minimal subsystems of <j> 
are topologically conjugate to the adding machine on the odometer Z( Pa ), where 

iPs) = (k,kp,kp 2 ,---) 

for some k\(p + 1). 

The paper is organized as follows. In Section 2, we give some preliminaries, including 
the computation of the distance to Q p from a point in a quadratic extension and the deter- 
mination of the intersection with Q p of a disk of a quadratic extension. Section 3 is devoted 
to the minimal decomposition of a homographic map which admits fixed points in Q p . We 
discuss in Section 4 the minimal decomposition of multiplications on a finite extension of 
Q p which will be used in Section 5. The main part of this paper is Section 5, where we 
give the minimal decomposition for the homographic maps without fixed point in Q p . In 
the last section, we determine the unique invariant measure on each minimal subsystem. 

2. Preliminaries 

In this section, we first present some notation and facts concerning the finite extension 
of Q p . Then we calculate the distance to Q p from a point in a quadratic extension of Q p . 
Finally, we discuss the intersection with Q p of disks in a quadratic extension of Q p . The 
facts presented in this section will be useful for determining the minimal decomposition of 
a homographic map without fixed point in Q p . 

2.1. Finite extensions of the field of p-adic numbers. Let us recall some notation and 
facts concerning the finite extensions of Q p . Let K be a finite extension of Q p and let 
d = [K : Q p ] denote the dimension of K as a vector space over Q p . The extended absolute 
value on K is still denoted by | • \ p . For x e K* := K\ {0}, v p (x) := — log p (|x| p ) defines 
the valuation of x, with convention v p (0) := 00. One can show that there exists a unique 
positive integer e which is called ramification index of K over Q p , such that 

v p {K*) = -Z. 
e 

(Sometimes, we write the image of K* under | • \ p as \K*\ p — p 7j / e . ) 
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The extension if over Q p is said to be unramified if e = 1, ramified if e > 1 and 
totally ramified if e = d. An element n G if is called a uniformizer if w p (7r) = 1/e. For 
convenience of notation, we write 

^ttOt) := e • v p {x) 

for x G if so that ^(a;) G Z. Let Ok := {x G if : \x\ p < 1}, whose elements are called 
integers of if. Let := {x G if : \x\ p < 1}, which is the maximal ideal of Ok- The 
residual class field of if is K := Ok/'Pk- Then K = F p /, the finite field of pf elements 
where / = d/e. Let C = {c , c\, ■ ■ ■ ,c p /_i}bea fixed complete set of representatives of 
the cosets of Vk m Ok- Then every x G if has a unique 7r-adic expansion of the form 

oo 

x = ^2a i n i (2.1) 

i=io 

where io £ Z and a,j G C for all i > to- 

Let U:= {ieO K : |a;| p = 1} be the group of units in O k and V := {x G U : x m = 
1 for some m G N*} be the set of roots of unity in Ok- 

For a G if and r > 0, we define D(a, r) to be the open disk of radius r centered at a, 
in other words 

D(a, r) := {x G if : |x - a\ p < r}. 
Similarly, D(a, r) is the closed disk of radius r centered at a: 

D(a, r) := {x G if : |x — a| p < r}, 
and §(a, r) is the sphere of radius r centered at a: 

S(a, r) := {x G if : |a; — a\ p = r}. 

We should remark that D(a, r) = IS) (a, r) when r ^ |-K"*|p. an d this implies S(a, r) = 0. 
For r e | if * | p , it is easy to see that D(a, r) = D(a, rp 1 / 6 ). 

Let P 1 (if ) be the projective line over if. Elements of P 1 (if ) may be written as [x, y] 
with x,y G if not both zero, and with the equivalence [x, y] — [cx, cy] for c G if*. The 
field if is embedded into P 1 (if ) by the map x [x, 1]. The couple [1, 0] is the point at 
infinity. An element 

a b 

c d 

of the projective linear group 

PGL(2, if) = {<(>([x, y\) = [ax + by, cx + dy] :a,b,c,deK and ad-bc^ 0} 

defines a map on P 1 (if) by sending [x, y] to [ax + by, cx + dy]. We usually view P 1 (if ) 
as if U {oo} and abuse notation by writing 

, ax + b 

4>{x) = — — . 

cx + d 

The chordal metric defined on P 1 (if) is analogous to the standard chordal metric on the 
Riemann sphere. UP— [x\, yi] and Q = [x 2 , 2/2] are two points in P : (if ), we define 

, p = \xiy 2 -x 2 yi\ P 

max{|xi| p , |2/i| p }max{|x 2 |p, \y2\p} 

or, viewing P 1 (if ) as if U {00}, for Z\, z 2 G if U {00} we define 

p(z 1 ,Z 2 ) = f, j 7 1 1— pr if 2i, 2 2 G if, 

max{|zi| p , 1} max{|z 2 | P , 1} 
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and 

p(z, oo) 



1, iiM P <l; 
l/\z\ p , if|z| p >l. 



Definition 2.1. An open (resp. closed j V 1 (K)-disk is either an open (resp. closed ) disk 
D of K or the complement P^A) \ D of a closed (resp. open) disk D. 

Remark that an open P 1 ( A)-disk is also a closed P 1 ( A)-disk, and vice versa. 

Propositon 2.2. Let 4> G PGL(2, A) and let D be a V 1 (K)-disk. Then 0(D) is also a 
¥ l {K)-disk. 

Proof. Note that each <f> e PGL(2, A') is a composition of transformations of the form 
x i y ax, xM-2; + /3or:EM- 1 jx. So it suffices to prove our conclusion for the above three 
transformations. 

Observe that <p is a bijection from P*(A) to itself, we have 0(P 1 (A') \ X) = V\K) \ 
4>{X) for any X C P 1 (A). So it suffices to obtain our conclusion for D = D(a, r) which 
is a disk of K. 

(1) If cj)(x) = ax, then \<f>(x) - 4>(y)\ p = \a\ p \(x - y)\ p , Vx, y £ D. So that 

(p{B(a,r)) =B(aa,r\a\ p ). 

(2) If <f>(x) =x + fi, then \(f>(x) - <j){y)\ p = \x - y\ p , Vx,y e D. Thus, 

(a,r)) =D(a + /3,r). 



(3) If 4>{x) — 1/x, we distinguish two cases : 

(i) If G D(o, r), then D(a, r) = D(0, r). Thus 

(f>(B(a, r)) = V\K) \ D(0, 1/r). 



(ii) If ^ D(a, r), then a; e D(a, r) implies that |a;| p = |o| p . So 
W*)-^)|,= 1 ^ = 1 ^V JB|I ,€D. 



Thus, 0(D(a, r)) = D(a _1 , r|a|~ 2 ). 



□ 



2.2. Square roots and quadratic extensions of Q p . We first recall the conditions under 
which a number in Q p has a square root in Q p , then we present all possible quadratic 
extensions of Q p . 

An integer a G Z is called a quadratic residue modulo p if the equation x 2 = a (mod p) 
has a solution ieZ. The following lemma characterizes those p-adic integers which admit 
a square root in Q p . 

Lemma 2.3 ([24]). Let a be a nonzero p-adic number with its p-adic expansion 

a = p v ^ a )(a + aip + a 2 p 2 + ■■■) 

where 1 < ao < p — 1 and < cij < p — 1 (j ^ > 1) . 77ie equation x 2 — a has a solution 
x G Q p if and only if the following conditions are satisfied 

(i) u„ (a) is even; 

(ii) a ii quadratic residue modulo p if p ^ 2; or ai = a2 = if p = 2. 
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For the case where v A ^ Q p , we need to study the affine systems on some quadratic 
extension of Q p . Two distinct elements a and a' of Q p , neither of which is or the square 
of a p-adic number, evidently produce the same extension field 



QpiVa) = Q P (Va/) 

if and only if the quotient a /a' is the square of a p-adic number. Actually, there are 7 
distinct quadratic extensions of Q2, and for p > 3 there are 3 distinct extensions of Q p as 
the following lemma shows. 

Lemma 2.4 ([24]). There are exactly 7 distinct quadratic extensions of Q 2 - They are 
represented respectively by 



Q2(V-l),Q2(V2),Q 2 (V-2 

If p > 3, then Q p has exactly 3 distinct quadratic extensions 



Qp ( , Q P ( VP) > Qp ( VpNp) > 
where N p < p is the smallest positive integer which is not a quadratic residue modulo p. 

The following lemma shows that each field Q p admits exactly one unramified quadratic 
extension. 

Lemma 2.5 ([24]). For the field Q 2 , there is exactly one unramified quadratic extension 
Q2(v— 3). For the field Q p where p > 3, there is also exactly one unramified quadratic 
extension Q p (y/ N p ). 

2.3. Distance d(x, Q p ) from a point in a quadratic extension to Q p . Let K be a qua- 
dratic extension of Q p . For x G K and S C K, denote by 

d(x,S) = m£\x-y\ p 

the distance from x to S. In the following, we will compute the distance from a point 
x e K to the set Q p . 

Propositon 2.6. Let x\, x 2 € Q p be two nonzero p-adic numbers. If < /— €E Q p , then 



d(y/x^,Q P ) 



d(v^2.Q P )- 



Proof. Let t = 51 . We have 



> Qp) = inf \Vix2~ - y\ p = \y/i\ p ■ ( inf 



^2 



j/_ 



Ip)- 



Since \/£ 6 Q p , the last infimum is equal to d(-Jx 2 , Q p ). 
Propositon 2.7. Let p > 3 be a prime number. We have 

d(^/N;,Q P ) = 1, d{JWp,Qp) = d(^p,Q p ) =p- 1 / 2 . 
Proof. First the fact \N p \ p = 1 implies |y JV p |p = 1. Let k S {0, 1,- •■ ,f>- 

l^iVpifclp < 1. 
Since iV p is not a quadratic residue modulo p, we have 

N p - k 2 ^ mod p. 



□ 



1}. Then 

(2.2) 
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It follows that \N P - k\ = 1. Then from N p - k 2 = {yJW p + k)(y/N p - k), and the 
fact (2.2), we deduce 

\V% + k\ p = \y/W p -k\ p = 1. 

Hence for x e Q p , we have 



/ATI - / l^lf if 
V plp ~ \ 1, if 



x| p > 1, 
x\ p < 1. 



So d(^/iVp,Q p ) = 1. 

Notice that \y/p\ p = \y/pN p \ p = p~ Y l 2 . For x e Q p , we have 

P , if Hp > 1, 
1/2 , if|x| P <l; 



x 



a- Vp\ p = | 

/r»ri _ / Mp> if kip > i. 



Sorf( v ^]Vp,Q p ) =d(VP,Q P ) =p- 1/2 . □ 

As a corollary of Propositions 2.6 and 2.7, we have 
Corollary 2.8. Let p > 3 be a prime number and x € Q p . If ' \fx (fc Q p , then 

d{s/x~,%) = |v^|p. 

Corollary 2.9. Lef p > 3be a prime number and x e Q p w/f/i -^/x ^ Q p . 7f |y| p < |\/S|p, 
then 

\Vx-y\p = \Vx\ p . 
Proof. Since \y\ p < \y/x\ p , it follows that \y/x — y\ p < \y/x\ p . Also, we have 

\Vx~-y\ p > d(Vx^,D(0, \Vx~\ p )) = d(Vi,Q p ) - |\/x]p. 

So 

\Vx-y\p = \Vx\p. 

□ 

Propositon 2.10. Forp = 2, we have 

1) d(^3,Q 2 ) = 1/2/ 

2) d(v/i, Q 2 ) = V2/2 for i = 2, -2, 6 or - 6; 

3) d(\/i, Q 2 ) = V2/2 for i = -1 or 3. 

froo/ In order to determine d{\fi, Q2), we are going to compute \x — \Ti\ 2 for all x e Q 2 
and for i = -3, 2, -2, 6, -6, -1 or 3. 

1) Assume i = —3. We claim that for all x € Q 2 , 



|ar-V-3| 2 > |1 - V-3| 2 = 1/2. (2.3) 

In fact, since (1 — yj— 3) 3 = —8, we get the equality |1 — \/— 3| 2 = 1/2 in (2.3). To prove 
the inequality in (2.3), we observe that |\/— 3|2 = 1, which follows from | — 3| 2 = 1. We 
distinguish three cases. 

(i) If |x| 2 > 1, then \x - 7=3| 2 = \x\ 2 > 1. 

(ii) If \x\ 2 < 1, then \x - V^3\ 2 = | V^3| 2 = 1. 

(iii) If \x\ 2 = 1, we write x — 1 + 2t for some t e Z 2 . A simple calculation gives 

(1 + 2t - = -8 + I2t(t + 1)(1 - >/=3) + 8t(t 2 - 3). 
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Since \t(t + 1)| 2 < 1/2, \t(t 2 - 3)| 2 < 1/2 and |1 - V^3\ 2 = 1/2, we get 

\(x - V^S)% = |(1 + 2t - V^SfU = 1/8. 
So \x- y/^3\ 2 = 1/2. 



2) Assume i = 2, -2, 6 or -6. We have \\fi\ 2 = V2/2. So 

^2/2, if|x| 2 <l/2; 
k| 2 , if M2 > !■ 



I a; - x/i|s 



Thus rf(\/i,Q 2 ) = \/2/2. 

3) Assume i = — 1 or 3. The fact \i\ 2 = 1 implies |\/i| 2 = 1- From the facts 
(1 - \fi) 2 = 1 +i - 2V«and |1 + i\ 2 < 1/4, we get 

|1 - Vi\ 2 = V2/2. 

We claim that \x — \/i\ 2 > y/2/2 for all x € Q p . We distinguish three cases. 

(a) If |x| 2 > 1, then \x - \fi\ 2 = \x\ 2 > 1. 

(b) If \x\ 2 < 1, then \x - yfi\ 2 = \y/=3\ 2 = 1. 

(c) If |x| 2 = 1, we write x = 1 + 2t for some t e Z 2 . Observe that 

(1 + 2i - \/i) 2 = 1 + i + U(t + 1) - 2(1 + 2t)Vi. 
From the facts |1 +i\ 2 < 1/4 and |4i(i + 1)| 2 < 1/8, we get 

|l + 2t- Vi\ 2 = y/2/2. 
Therefore d{\fi, Q 2 ) = v^/2. □ 

By Propositions 2.6 and 2.10, we have the following corollary. 
Corollary 2.11. Let x be a number o/Q 2 such that \/x £ Q 2 . 

(1) If<h{y/x) = Q 2 (\/^3), then 

d{Vx~,Q 2 ) = *|^| 2 . 

(2) IfQ 2 (y/x) = Q 2 (\/i), i = 2, -2, 6, or - 6, f/ze« 

d(\/^,Q 2 ) = \Vx\ 2 . 

(3) //Q 2 (v^) = <M>/i),* = -1 or 3, rfen 

[2 

d(Vx~,Q 2 ) = ^\V^\ 2 - 
We can obtain more information from the proof of Proposition 2.10. 

Propositon 2.12. Let x € Q 2 with \x\ 2 = 1. 77zera we /zave 

(1) |x - x/=3| 2 = 1/2, 

(2) \x - V^l\ 2 = \x- \/3| 2 = ^2/2. 

Proo/ (1) Since (-1 - 7^3) 3 = 8 and (1 - \/^3) 3 = -8, 

|-l--/=3| 2 = |l->/ = 3|2 = l/2. 

Since \x\ 2 = 1, it follows that either \x - 1| 2 < 1/2 or \x + 1| 2 < 1/2. Without loss of 
generality, we may suppose \x + 1| 2 < 1/2. Then we have 

\x - V^3\ 2 = \x + 1 - 1 - x/=3| 2 = 1/2. 
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Figure 1 . The topological structure of the unramified quadratic exten- 
sion of Q3. 

(2) From the proof of Proposition 2.10, we have |1 — \J— 1| 2 = |1 — v3|2 = v2/2. 
Since |ac| 2 = 1, \x - 1| 2 < 1/2. So 

\x - >/=l| 2 = \x + 1 - 1 - >/=T| 2 = V2/2. 
Applying the same arguments to v3 instead of \/— 1, we obtain the conclusion. 

□ 

2.4. Intersection with Q p of disks in a quadratic extension. By the facts presented in 
the previous subsections, we can determine the intersection with Q p of disks in a quadratic 
extension of Q p , which in some sense shows the topological structures of the two different 
kinds of (ramified and unramified) quadratic extensions of Q p . 

Lemma 2.13. Let K be an unramified quadratic extension ofQ p . Let D = D(a,p m ) be a 
closed disk of radius p m with m € Z such that D n Q p 7^ 0. Then D consists of p 2 closed 
disks of radius p m , and there are p such disks which intersect Q p . 

Proof. Without loss of generality, we may suppose that £ D. So D = D(0,p m ). We 
distinguish the following two cases. 

(1) Assume p > 3. Then K — Q p (y / iVp). Each point z 6 D can be written as z = 
x + y-i/Np w i tn x i V € D{Q,p m ) (see Theorem 5 of §6 in [24]). Let x = Y^k=-m x kP k 
and y — J2T=-m VkP k \ where Xk, Vk € {0, 1, • • -p — 1}. We decompose D as 

D = [J D(x mP - m + y mP - m 0Vp, p" 1 - 1 ) . 

x m ,y m e{0,l,--- 

If Dm 7^ 0, by Proposition 2.7, we get 

B(x mP - m + y m p- m ^%, p" 1 - 1 ) n Q p = 0. 
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SoB(0,p m - 1 ),D{p- m ,p m - 1 ), ■ ■ ■ ,B((p-l)p- m ,p m - 1 ) are the p closed disks of radius 
p" 1 ^ 1 , all of which intersect Q p . 

(2) Assume p = 2. By Lemma 5.14, we have K = <Q>2(V — 3). Each point z E D can 
be written as 

-1 + 7=3 

z = x + v 2 

with x, y £ D(0,p m ), (still see Theorem 5 of §6 in [24]). By similar arguments to Case 
(1), we obtain the result. □ 

The topological structure of the unramified quadratic extensions of Q3 is depicted in 
Figure 1 . Here a circle of real line represents a disk which intersects Q3 and a circle of 
dotted line represents a disk which is disjoint from Q3. 

Lemma 2.14. Let K be a ramified quadratic extension ofQ) p . Let D = 0(a,p m / 2 ) be a 
closed disk of radius p m / 2 with raeZ such that D n Q p ^ 0. Then D consists of p closed 
disks of radius p(" i ~ 1 )/ 2 . If m is even, then all such disks of radius p(™ 1-1 )/ 2 intersect Q p ; 
if m is odd, then there is only one such disk which intersects Q p . 

Proof. Without loss of generality, we may suppose £ D. So D = O(0, p m / 2 ). 

(1) Assume p > 3. Then K = Q p (Vi), where i — p or p ■ N p . Observe that yi is a 
uniformizer of K. Each point z £ D can be written as 

00 

z = ^2 Zk ' ( v ^) fe 

k— — m 

where G {0, 1, • • • ,p — 1}. We decompose D as 

d= y B(z rn -(Viy n , P (m - 1)/2 ). 

z m e{o,i,-" 

If m is odd, then D(0,p^ m_1 ^ 2 ) is the unique disk of radius p( m ~ 1 )/ 2 which is con- 
tained in D and intersects Q p . 

If m is even, then z m ■ (yi) m £ Q p . So 

D(z m • {Vl) m ,p {m - 1)/2 ) n Q P + 0, Vz m g {0, 1, • • • ,p - 1}. 

(2) Assume K = ^{Vi), where i = 2,-2,6 or —6. We conclude by the same 
arguments as in Case (1). 

(3) Assume K = Q2(v»), where i = — 1 or 3. 

If to is even, then 5(0, p m / 2 ) = 5(0, pf™- 1 )/ 2 ) UD(p m /2 jp (m-i)/2j is a union of two 
balls. Both balls 5(0, j/™" 1 )/ 2 ) and D(p m / 2 ,p( m - 1 )/ 2 ) intersect Q 2 - 
If to is odd, observe that — 1 ja = a/2/2, then 

5(0,p m/2 ) =D(0,p ( ^ 1)/2 )UD((\/!- i)p( m+1 )/ 2 , p^- 1 )/ 2 ), 

is still a union of two balls. By Corollary 2.1 1, we have 

D((Vi - l)p (m+1)/2 , p^- 1 )/ 2 ) n Q 2 = 0- 

Thus only one ball intersets Q2- D 

The topological structure of the ramified quadratic extensions of Q3 is depicted in Fig- 
ure 2. Here a circle of real line represents a disk which intersects Q3 and a circle of dotted 
line represents a disk which is disjoint from Q3, 
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Figure 2. The topological structure of the ramified quadratic exten- 
sions of Q 3 

3. Minimal decomposition when </> admits fixed points 

In this section, we give the minimal decomposition of a homographic map when <f> 
admits one or two fixed points in Q p . Such a map is conjugate to an affine map. Then we 
can apply the results obtained in [16]. 

For a G Q p and r G \Q P \ P '■— p z , denote 

D(a, r) := {x G Q p : \x - a\ p < r}; 

S(a, r) := {x G Q p : \x - a\ p = r} 

which are closed disk and sphere in Q p . Recall that disk and sphere in K are differently 
denoted by D(o, r) and §(a, r). 

The following notation will also be used. Let U := {x G Q p : \x\ p = 1} be the group 
of units in Q* and V := {x G Q p : x^ 1 = 1} be the group of the roots of unity in Q p . 
Set 

s p = 1 if p > 3, and s p = 2 if p = 2. 

For a unit a G U, let 

8(a) = inf{n > 1 : v p (a n - 1) > s p }, u (a) = u p (a*( a) - 1). 

3.1. One fixed point: A = 0. Assume A = 0. Then <f> has only one fixed point xq = 
& Q P and it is conjugate to the translation 

, ^ . « 2c 

ip(x) = x + a with a = -. 

a + a 

More precisely go (j>o g^ 1 = ip where 

r \ 1 -i( \ x ° x + 1 
g(x) = , and thus g (x) = . 

X — Xq X 



12 



AIHUA FAN, SHILEI FAN, LINGMIN LIAO, AND YUEFEI WANG 



Theorem 3.1. Assume that A = 0. Then xq — ^ !i tne unique fixed point of 4>, 
and we have 

(1) P 1 (Q P ) \ D{xq,p \a\~ ) is a minimal component ofcfr, 

(2) for any r = p m G \Q P \ P with m < v p {a), the sphere S(xq,t) consists of 
pVp(at)-m- l^p _ ^ minimal components, and each minimal component is a disk 
with radius r 2 \a\ p . 

Proof. By Theorem 4.1 in [16], the disk D(0, \a\ p ) is a minimal component of ip and for 
any p = p~ m G \Q P \ P with m < v p (a), and the sphere 5(0, p) consists of pM")-" 1 - 1 ^— 
1) minimal components of ip, with each component being a ball of radius \a\ p . 
By Proposition 2.2, 

g-^DiO, \ a \ p )) = P^Qp) \^(x ,p- 1 |a|; 1 ). 

Since g is a conjugation, P 1 (Q p ) \ D(xo,p~ 1 \a\ p 1 ) is a minimal component of (/). 
Let w G Q p with \w\ p > \a\ p . By Proposition 2.2, we have 

g- l (D(w, \a\ p )) = D(x + 1/w, \a\ p /\w\ 2 p ). 

Noticing that D(w, \a\ p ) is a minimal ball of ip in S(0, p) with p = \w\ p and D(xq + 
1/w, \a\ p /\w\p) is a ball in S(xo, r) with r = \w\~ , we obtain the second assertion of the 
theorem. □ 



3.2. Two fixed points: A ^ and VA G Q p . Assume A ^ and VA G Q p . Then 

d+s/A _ a—d—\ 

2c ' ^2 2c 



has two fixed points x\ = - d 2c , X2 = a d 2c e ^p anc * ^ * s con J u g ate to the 



multiplication 



ip(x) — Xx with A := — 



d- VA 

More precisely g o cf>o g^ 1 = ip where 

. . a; X2 _ i , . — x 2 

g(x) = , and thus g (x) = . 

x — X\ ' x — 1 

We distinguish four cases. The first three cases are simple. 

(a) |A| p > 1. Then x\ is an attracting fixed point and for each x ^ x 2 we have 
Hindoo 4> n {x) = x\. 

(b) |A| P < 1. Then x 2 is an attracting fixed point and for each i / ii we have 
lim„^oo (j) n (x) = x 2 . 

(c) A G V. Let £ be the order of A, i.e. the least integer such that \ e = 1. Then every 
point is in a periodic orbit with period I. 

(d) A G U \ V. We can rephrase Theorem 4.2 of [16] as follows. 

Recall the definitions of <5( ) and vq(-) at the beginning of this section. 

= \xi - x 2 \ p . 

(1) For x, y G P 1 (Q p ) we have O^x) = O^y) if and only if ? | ™ |p = | *Eff | P and 
(^l^)fal^) is in the subgroup of (Z/p v °^Z) x generated by A. 

(2) One can decomposeF 1 (Q p )\(D(x 1 ,r /p)UD(x 2 ,r /p)) into (p-l) P v °W-i /S(\) 
minimal components; and for r G \Q p \ p with r < tq, each of both spheres 
S(x\, r) and S(x 2 , r) consists of (p — l)p v °^~ 1 /S(\) minimal components. 



Theorem 3.2. Assume that A^O, v A G Q p and A G U \ V. Let r — \xi — x 2 
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For the proof we refer the reader to [16]. By [16], we can also show that each minimal 
component in the above decomposition is conjugate to the adding machine on the odometer 
Z( Pa ) with 

(Ps) = {S(X),S(\)p, S(X)p 2 , ■ ■ ■). 

4. Dynamics of multiplications on a finite extension of Q p 

In order to study the case V~A ^ Q p , we need to consider the quadratic extension 
Q p (y/A). Actually, the dynamics (P 1 (Q p (\/A)), 4>) is conjugate to a multiplication x t— > 
Xx on P 1 (Qp(vA)) (see Section 5). For this reason, we present a general method to study 
polynomial dynamics on a finite extension of Q p . 

Recall that K is a finite extension of Q p , Ok is the integral ring of K and n is a 
uniformizer of i^T(see Section 2.1). Let F G Ok [x] be a polynomial of integral coefficients. 
The dynamics of (Ok, F) can be described by its induced finite dynamics on Ok/^Ok 
(refer to [11]). The idea comes from a paper of Desjardins and Zieve [14] in which the 
authors dealt with the polynomial dynamics on Z/p n Z. This idea allowed Fan and Liao 
[18] to give a decomposition theorem for any polynomial in Z p [x]. The polynomials in a 
finite extension K of Q p are examined by Fan and Liao [19]. 

We first present the method for general polynomials and then adopt it to multiplications 
by giving more details. 

4.1. Induced dynamics of polynomial on Ok/^Ok- Let F € Ok[x] be a polynomial 
of integral coefficients. For a positive integer n > 1, denote by F n the induced mapping of 
F on Ok/^Ok, defined by 

F n (x mod 7r") = F(x) mod ir n . 

Many properties of the dynamics F are linked to those of F n . One is the following. 

Lemma 4.1 ([2, 4, 11]). Let F € Ok[x] and E C Ok be a compact F-invariant set. 
Then F : E — > E is minimal if and only if F n : E/^Ok E/^Ok is minimal for 
each n > 1. 

Assume that a = (x\, ■ ■ ■ , Xk) C OkI^Ok is a cycle of F n of length k, that is 
F n (xi) =x 2 ,--- ,F n (xi) =x i+ i,--- ,F n (x k ) =Xi. 

Such a a is also called a /c-cycle at level n. Let 

fc 

X := |J X, where X, := { Xi + v n t + n n+1 K ; t G C} C K /iv n+1 K , 

i=l 

where C — {cq, ci, • • • , c p /_ 1 } is a fixed complete set of representatives of the cosets of 
Vk in Ok (see Section 2.1). Then 

F n+1 (Xi) C X l+1 (1 < i < k - 1) and F n+1 (X k ) C X x . 

Let G := F k be the fc-th iterate of F. For x € [J (x % + ir n O K ), denote 

fc-1 

a n (x):=G'(x) = l[F , (Fi(x)), (4.1) 

7T™ 7T" 
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The 1-order Taylor expansion of G at x 

G{x + TT n t) = G{x) + G'{x)n n t (mod tt 2 ™), 

implies 

G{X + TT n t) = X + TT n b n (x) + lT n a n (x)t (mod 7T 2 ™). (4.3) 

We define an affine map on Ok/t'Ok by 

$>(x,t) = b n (x) + a n (x)t (modTr), (t E O k /itO k ). (4.4) 

An important consequence of the formula (4.3) is that G n +i ■ Xi i-> X{ is conjugate to 
the linear map 

3>{x u -):O k /itO k ^O k /ttO k . 

We call it the linearization of G n+ i : Xi ^ Xi. 

For any x g Ok, CL n (x) and b n (x) are defined by the formulas (4.1) and (4.2). In 
order to determine the linearization of G n +i, we only need to get the values modulo tt of 
a n (x) and b n (x). In fact, the coefficient a n (x) (mod tt) is always constant on Xi + ir n C>K , 
and the coefficient b n (x) (mod tt) is also constant on xi + ir n C>K but under the condition 
a n (x) = 1 (mod tt) (see [19]). For simplicity, we sometimes write a n and b n without 
mentioning x if there will be no confusion. 

We remind that the cardinality of K = Ok/kOk is . The characteristic of the field 
K is p. The multiplicative group K* is cyclic of order p' — 1. 

In the following we shall study the behavior of the finite dynamics F n+ i on the F n+ i- 
invariant set X and determine all cycles in X of F n+ i, which will be called lifts of a. For 
details see [19]. 

We distinguish the following four behaviors of F n+ i on X: 

(a) If a n = 1 (mod n) and b n ^ (mod 7r), then $ preserves p^ 1 cycles of length 
p, so that F n+ i restricted to X preserves p^ 1 cycles of length pk. In this case we say a 
grows. 

(b) If a n = 1 (mod tt) and b n = (mod 7r), then $ is the identity, so that F n+1 
restricted to X preserves pf cycles of length k. In this case we say a splits. 

(c) If a n = (mod tt), then $ is constant, so that F Jl+ i restricted to X preserves one 
cycle of length k and the remaining points of X are mapped into this cycle. In this case we 
say a grow tails. 

(d) If a n ^0,1 (mod tt), then $ is a permutation and the Z-th iterate of $ reads 

$W) =b n (a l n -l)/{a n -l) + a l n t 

so that 

<f>\ x ,t)-t=(a l n -l)(t+-^-). 

a n - 1 

Thus, $ admits a single fixed point t = —b n /(a n — 1), and the remaining points lie on 
cycles of length £, where £ is the order of a n in K*. So, F n+ i restricted to X preserves one 
cycle of length k and p J 1 cycles of length k£. In this case we say a partially splits. 

For n > 1, let a = (xi, . . . , x^) C Ok /tt" Ok be a fc-cycle and let a be a Uft of a. 
Now we shall show the relation between (a n , b n ) and (a n +i, b n+ i). Our aim is to find the 
change of nature from a cycle to its lifts. 

Lemma 4.2. Let a — {x\, . . . , Xk) be a k-cycle of F n and let a be a lift of a of length kr, 
where r > 1 is an integer. We have 

a n+1 {x t + TT n t) = a r n {xi) (modTr™), (KKfc.teC) (4.5) 
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irb n+1 (xi + TT n t) 

=t(a n (xi) r - 1) + b n (xi)(l + a n (xi) H h a„(x i ) r_1 ) (mod n n ). 

Proof. The formula (4.5) follows from 

r-1 

a n+1 ee (F r )'(x l + rr n t) EE (F r y(x t ) ee ]J F'(F^)) = a r n (mod ir n ). 

By repeating r -times of the linearization (4.4), we obtain 

F r (x t + TT n t) = Xi + $ r (x,, t)n n (mod tt 2 "), 
where $ r means the r-th iteration of $ as function of t. However, 

$ r (xi,t) = ta n (xi) r + b n (xi)(l + a n (xi) H h a„(a; i )'' _1 ). 

Thus (4.6) follows from the definition of 6„+i and the above two expressions. □ 
By Lemma 4.2, we have the following proposition. 

Propositon 4.3. Let n > 1. Let a be a k-cycle of F n and a be a lift of a. Then we have 

1) if a n ee 1 (mod 7r), then a n +i = 1 (mod 7r); 

2) if a n = (mod 7r), then a„+i = (mod tt); 

3) z/a„ ^ 0, 1 (mod tt) and a is of length k, then a n+ i ^ 0, 1 (mod tt); 

4) if a n %B 0, 1 (mod 7r) ami a is of length kd where d > 2 is the order of a n in 
(O k /ttO k )*, then a n+1 ee 1 (mod n). 

By the above analysis, the case of growing tails is simple. If a — (x\, ■ ■ ■ , x^) is 
a cycle of F n which grows tails, then F admits a fc-periodic point x in the clopen set 
X = |_li=i( x i + ^"C-R") an d X is contained in the attracting basin of the periodic orbit 
x ,F(x ),--- .J*- 1 ^). 

Similarly, for the case of partially splitting, we can also find a periodic orbit in X, and 
other parts are reduced to the cases of growing and splitting. 

We say a cycle splits I times if itself splits, its lifts split, the second generation of the 
descendants split, ... , and the (£ — l)-th generation of the descendants split. 

Let o~ — (xi, X2, ■ ■ ■ , Xk) be a fc-cycle of F n . For a given sequence of positive integers 
E = (Ej)j>i. The cycle a is said to be of type (k, E) if it is a growing fc-cycle at level 
n and the lift of this fc-cycle split E\ — 1 times; all the £d-th generation of descendants 
grow and then all the lifts split E 2 — 1 times; again, the descendants grow and the lifts 
of the growing descendants split E 3 — 1 times, and so on. The F-invariant clopen set 
X = Ui=i( a: i + t^Ok) an d the system (X, F) are then said to be of type (fc, E) at level 
n. We say that X is of type (fc, e) at level n if X is of (k, E) at level n with E = (e, e, • • • ), 
where e is the ramification index of K over Q p . 

4.2. Dynamics of multiplications on a finite extension of Q p . For an affine polynomial 

F(x) — ax + /3 with a,/3 e K, we consider the dynamics (K, F) by distinguishing four 
cases: 

(1) ifa = l,/3 = 0, then F is an identity map on K; 

(2) if a = 0, then F is a constant map; 

(3) if a = 1, /? 7^ 0, then F is conjugate to the translation F(x) = x+1 by h(x) = x/(3; 

(4) if a 7^ 0, 1, then F is conjugate to the multiplication F(x) — ax by h(x) = 
x-(0/{l-a)). 

The dynamical systems (K, F) of the first two cases are trivial. For the translation 
F(x) = x + 1, each closed disk of radius 1 is F-invariant and each subsystem (D(a, 1), F) 



16 



AIHUA FAN, SHILEI FAN, LINGMIN L1A0, AND YUEFEI WANG 



is conjugate to (Ok, F) by h(x) — x — a. The dynamical system (Ok,F) is of type (1, e) 
at level 0, for details see [19]. 

Now we are going to study the multiplication dynamics (K, F(x) — ax). It is easy to 
see that 0, oo are two fixed points of F, We distinguish two cases. 

Case (A) a ^ U. If \a\ p < 1, then the system admits an attracting fixed point with the 
whole K being the attracting basin, that is, 

lim F n (x) = 0, Vie G K. 
n— too 

If \a\ p > 1, then the system admits a repelling fixed point and the whole K except lie 
in the attracting basin of oo, that is, 

lim F n (x) = oo, Vx G K \ {0}. 

71— >OC 

Case (B) a G U. For each neZ, the sphere S(0,p"/ e ) = 7r~"U is F-invariant. We 
decompose K as 



n— — oo 



The dynamical system (tt "U, F) is conjugate to the system (U, F) by h(x) = ix n x. See 
the following commuting graph. 



ax 



TT X 

T 

u — u 



So we are going to study the dynamics (U, F). We distinguish the following two cases. 

(i) a G V \ {1}. Let i be the order of a, i.e., the least integer such that a 1 = 1. Then 
every point is in a periodic orbit with period I. 

(ii) a G U \ V. We obtain the following results which will be useful for our studying of 
the homographic dynamics. 

Propositon 4.4. Let a G U\V. Consider the dynamical system (U, F), where F(x) = ax. 
Let I be the order of a in W . One can decompose U into (p^ — l)p v ^^ a ~ x )'f~S J I clopen 
sets such that each clopen set is of type (£, E) at level v. K (a t — 1), where 

( a f P-l a e P 2 - 1 a e P N+1 - 1 \ 

E = Kf-^rr 5, ^ ( ^3T } ' ' vA a tp N - 1 } ' e ' e ' " ) ■ 

Here N is the largest integer such that u w ((a fp + — l)/(a lp — 1)) 7^ e. 
Moreover, if the ramification index e = 1 or 2, then 

a e P' +1 - 1 

v tt{ Tl ) = e 

for all positive integers i > 2. 

Proof. Notice that £ is the order of a in K*. Thus a 1 = 1 (mod ir). We can check that 
there are (pt — l)/£ cycles of length £ at level 1. Now we consider the ^-cycles at level 1. 
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For each xq € U, 

01(10) = (f t )'(xo)=(/, 

, , s f(xo) - x Q (a £ - l)x 
61(10) = = • 

7T 7T 

Thus ai(a;o) = 1 (mod ir) and w 7r (6 1 (xo)) = v^{a l — 1) — 1. By induction, one can 
check that each £-cycle at level 1 splits v^(a — 1) — 1 times and then all its lifts grow. 
Let m = tv(cr — 1) + 1. Consider the £p-cycles at level m. For each xo € U, 

a m (xo) = (f P YM = a lp , 

fPjxp) - x (a lp - l)x Q 

M*o) = ~n\ = ~n\ ' 

Then we have 

f a ep - 1 

v v (b m (x Q )) = v w (a p - 1) - m = v n {— -) - 1. 

cr — 1 

Hence each ^p-cycle splits at level m split v n ( " J ~^ ) — 1 times and then all its lifts grow. 

Now let q = v 7r (a ep — 1) + 1. Consider the ^p 2 -cycles at level q. By the same calcula- 
tions, we have for each Xq, a q (x ) = a lp = 1 (mod n) and 

2 a £p2 — 1 

v„(b g (x )) = v„(a ip - 1) - q = v„( e p _ 1 ) - l - 

Hence each ip 2 -cycle splits v v ( a tp ~* ) — 1 times and then all its lifts grow. 

Go on this process, we can show that each £p fe -cycle at level v. K (a tp — 1) + 1 splits 

v v ( ° p fc_i ) — 1 times and then all its lifts grow. 

Since for 1 < i < p — 1, v ir {a ttp — 1) — > 00 when k — > 00 (see [30], p. 100), and 
Vtt(p) = e, we can find an integer N such that for all k > N, we have 

^(^C— -) 1 = «w(i + + ■■■ + * ip -^ h ) 1 

a Cp — 1 

= - 1) + - 1) + ■ • • + {a^ lpk - 1) +p) - 1 

= Utt(p) - 1 = e - 1. 
Therefore, we can conclude that each £-cycle at level v v {ol 1 — 1) is of type (I, E) with 

/ a tp - 1 a^ 2 - 1 - 1 \ 

S= K ( ^3T } ' u ^ a lv - l )' ' V «( _ 1 )' e ' e ' ) ' 

On the other hand, we have the number of ^-cycle at level v„(cr — 1) is 

since one £-cycle splits into pf number of ^-cycles. 

When the ramification index e is 1 or 2, it is easy to check that v w (a tp — 1) > e for all 
i > 2. Let s = v„(a p — 1). Write a £p = 1 + 7r s ?y for some r\ e U. Then we have 

a ipt+1 = (1 + n>r,y = 1 + Q 7r s r, + Q (tt^) 2 + • • • + M (tt'tj)*. 
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We need to compare the v n -values of the last term and the second term in the above sum- 
mation. Since s > -^r, we have 

p-i' 

a lp ' +1 = 1 + ptt't] ( mod n s+e ). 

□ 

Remark 4.5. In the proof of last assertion of Proposition 4.4, the essential point is s > 
So one can easily check that 

X p2 -i , 

except for the case where e = 2, p = 2 a«<i s = u„.(a p — 1) = 2. 

Corollary 4.6. Lef aeU\V. Consider the dynamical system (U, aa;). Asswme p> 3. If 
v v (a e — 1) > ^3y, f/zen U is decomposed into (pf — \)p v ^^ a - x )-t-i jl clopen sets such 
that each clopen set is of type (£, e) at level v Tr (a e — 1). 

Proof. Let m = v 7T (a i — 1). Consider the £p-cycles at level m + 1, we have 

= V7r(a £p - 1) - u w (a* - 1) - 1. 
Write a 1 = 1 + 7r m ?7 for some 77 £ U. Then we have 

c> = (1 + tt™^ = 1 + Q 7r m T] + Q (^) 2 + ' ' ' + Q (^) P - 

We need to compare the tv -values of the last term and the second term in the above sum- 
mation. Since m > we have mp > e + m. Then 

a ip = l+ P TT m r] (mod 7r e+m+1 ). 

So 

v % (b m+1 (xi + n m t)) = e - 1, 

which implies that the ^p-cycles at level v 7T (a i — 1) + 1 splits e — 1 times and then all the 
lifts grows. By induction, each ^-cycle at level v 7T (a e — 1) is of type (£, e). □ 

5. Minimal decomposition when 4> admits no fixed point 

In this main part of the paper, we determine the minimal decomposition of a homo- 
graphic map without fixed point in Q p . 

Assume y/A ^ Q p . Then Q p contains no fixed point of <j). Consider the quadratic 
extension Q p (v / A) of Q p . Then in Q p (v / A), (f> has two fixed points 

a-d+ yfK a-d~ \TK 
Xl = 2c ' X2 = 2c • 



From now on, let K := Q p (v A) denote the quadratic extension of Q p generated by VA 
and let K be the residual class field of K. Since K is a quadratic extension of Q p , K is 
either a totally ramified extension or an unramified extension. Let 



r = \xi - x 2 \ p = 



and X= a + d + V * eK\Q p . 

a+d-VA P 
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The following proposition shows that <j) is always conjugate to a multiplication. We can 
easily prove it by checking the claimed conjugacy. 

Propositon 5.1. The dynamical system (P 1 (K) , (j>) is topologically conjugate to (P 1 (K) , ip) 

where ip is the multiplication tp(x) = Xx. In other words, g o <p o g^ 1 = ip where 

x - x 2 

9{x) = • 

x — Xi 

If \a + d\ p 7^ |\/A| P , it is easy to see that \a + d + VA\ p = \a + d — -\/A| P - If 
I a + d\ p = |\/A|p, we have the same result as the following lemma shows. 

Lemma 5.2. If\a + d\ p = \ VA\ P , then we have \a + d + VA| p — |a + d — \/A| p . 

Proof. Forp > 3, Corollary 2.9 implies immediately that 



\a + d + VA\ p = \a + d - VA\ P = \VA\ p . 

In the following we discuss the case p = 2. If Q 2 (v / A) = Q2(v^) with i = 2, —2, 6 or 
—6, then \a + d\ p ^ \\fE\ v . So we need only consider the following two cases. 

(1) If Q 2 (\/A) = Q 2 (\/ = 3), the assertion (1) of Proposition 2.12 implies that 

2 2 " 

(2) If Q 2 (\/A) = Q2(\/ = T) or Q 2 (\/3), the assertion (2) of Proposition 2.12 leads to 

V2, 
2 

□ 



\a + d+^/A\ 2 = \a + d-VA\ 2 = ^\VA 

Q2{V = l) or Q 2 (\/3), the assertion (2) of Pi 

/2 

\a + d + ^/A\ 2 = \a + d-VA\ 2 = —\VA 



A direct consequence of Lemma 5.2 is |A| P = 1. From the point of dynamics, we can 
also explain this. Since P 1 (Q p ) is ^-invariant, it is easy to see that neither x\ nor x 2 is 
attracting. So |A| p = 1. We will distinguish two cases. 

(a) A™ = 1 for some n > 1. Let I be the order of A, i.e., the least positive integer such 
that \ l = 1. It is easy to see that all points are in a periodic orbit with period I. 

(b) A™ ^ 1 for all n > 1. We will treat the cases p > 3 and p = 2 separately. 

In the remainder of this section we assume that A = a+d , + ^/^- is not a root of unity and 
let £ be the order in the group K* of A and n be a uniformizer of K. 

For p > 3, we have the following two theorems corresponding to the unramified qua- 
dratic extension and the ramified quadratic extensions. 



Theorem 5.3. Assume p > 3 and v A ^ Q p . Suppose that K — Q p ( v A) is an unramified 
quadratic extension ofQ p . Then £\(p + 1) and the dynamics (P 1 (Q P ), <fi) is decomposed 
into {{p + l)p Vp ( x ~ 1 )~ 1 )/£ minimal subsystems. The minimal subsystems are topologi- 
cally conjugate to the adding machine on the odometer 1*( Ps ) with (p s ) = (£, £p, £p 2 , • • • ). 



Theorem 5.4. Assume p > 3 and V A ^ Q p . Suppose that K = Q p (VA) is a ramified 
quadratic extension o/Q p . Since \a + d\ p =/= |\/A| p) we distinguish two cases. 

(1) If \a + d\ p > |\/A| p , then A = 1 (mod ir), and the dynamics (P 1 (Q p ),(f>) is 
decomposed into 2p^ V7r ^ P ^ 1 ^ 3 ^ 2 minimal subsystems, such that each minimal subsystem 
is conjugate to the adding machine on the odometer 1*( Ps ) with (p s ) — (l,p,p 2 , ■ ■ ■ ). 

(2) If \a + d\ p < \\/~K\ p , then A = —1 (mod 7r), and the dynamics (P 1 (Q p ),0) is 
decomposed into p(""( AP + 1 )~ 3 )/ 2 minimal subsystems, such that each minimal subsystem 
is conjugate to the adding machine on the odometer ^( Ps ) with (p s ) = (2, 2p, 2p 2 , ■ ■ ■). 
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As consequences of Theorems 5.3 and 5.4, we find conditions under which the whole 
space is minimal and describe the corresponding dynamical structure. 

Corollary 5.5. The system (F 1 (Q p ) , <f>) is minimal if and only if one of the following 
conditions is satisfied: 

(1) Q p (y/A) is an unramified quadratic extension ofQ p , I = p + 1 and v p (X i — 1) = 
1; _ 

(2) Q p (v / A) is a ramified quadratic extension o/Q p and (X p + 1) = 3. 

Corollary 5.6. If the system (P 1 (Q P ),0) is minimal, then (¥ 1 (Q p ),<j)) is topologically 
conjugate to the adding machine on the odometer %( Ps ) with 

( Ps ) = (2,2p,2p 2 ,---) or (p s ) = (p+l,(p + l)p,(p + l)p 2 ,---). 

When p = 2, there are three different situations. 

Theorem 5.7. Assumep = 2andK = Q 2 (y/—Z). Then the dynamical system (V 1 (Q 2 ),4>) 
is decomposed into 3-2 V2 ( x ~^~ 2 / £ minimal subsystems. Moreover, each minimal system 
is conjugate to the adding machine on the odometer %( Ps ) with (p s ) — (£, £2, £2 2 , • • • ). 

Theorem 5.8. Assume p = 2 and K = Q 2 (\/2), Q 2 (\/ = 2), <Q>2(\/6) or Q 2 (V^6)- Since 
I VA|2 =/= \a + d\2, we distinguish the following two cases. 

(1) If \a + cZ| 2 > |\/A|2, then the dynamical system (P 1 (Q2), <ft) is decomposed into 
2(jv(A-1)-1)/2 m [ n { ma \ subsystems. 

(2) If \a + d\ 2 < |VA|2» then the dynamical system (P 1 (Q 2 ), 4>) ' s decomposed into 
2(w 7r (A+i)-i)/2 m [ n [ ma \ subsystems. 

In both cases, each minimal system is conjugate to the adding machine on the odometer 
Z (Ps) w/f/z(p s ) = (1,2,2V ••)• 

Theorem 5.9. Assume p = 2 and K = Q2(\/— T), or Q2(v / 3)- We distinguish the follow- 
ing three cases. 

(1) If\a + d\ 2 = \y/A\ 2 , the system (¥ 1 (Q 2 ),<j)) is decomposed into 2K( a2 +!)- 2 )/ 2 
minimal subsystems. 

(2) If\a + d\ 2 > \VA\ 2 , thesystem (P 1 (Q 2 ), (f>) is decomposed into 2 V " (X ^ 1 ^ 2 minimal 
subsystems. 

(3) If\a + d\ 2 < \VA\ 2 , the system (P 1 (Q 2 ), 4>) is decomposed into 2 t, "( A + 1 )/ 2 minimal 
subsystems. 

In all the three cases, each minimal system is conjugate to the adding machine on the 
odometer Z( Ps ) with (p s ) = (1, 2, 2 2 , • • • ). 

As a consequence of Theorems 5.7, 5.8 and 5.9, we obtain necessary and sufficient 
conditions under which the dynamics (P 1 (Q2), <P) is minimal. 

Corollary 5.10. The system (P 1 (Q2)7 0) is minimal if and only if one of the following 
conditions is satisfied: 

(1) K = Q 2 (\/ = 3), £ = Sandv 2 (\ 2e - 1) = 2; 

(2) K = Q 2 (V-L) orQ 2 (V3), \a + d\ 2 = \y/E\ 2 and v„{\ 2 + 1) = 2. 

In the following, we shall prove Theorems 5.3-5.4 and Theorems 5.7-5.9. But before 
doing that, we will first compute the distances from the fixed points of <p to the field Q p . 
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5.1. Distances from the fixed points to Q p . In the proofs of Theorems 5.3-5.4 and The- 
orems 5.7-5.9, we need to know the distances from the fixed points to Q p . What we have 
proved in Section 2.3 will be useful. 
Recall that 

a - d + VA a-d- \fA 
Xl = 2c ' X ^ 2c ' 

and 

r = \xi -x 2 \p= • 

c 

p 

Lemma 5.11. Let p > 3. Then d(xi,Q p ) — d(x 2 ,Q p ) = r . 
Proof. Since x x = a ~ d +^ with ^ e Q p , we have 

d(x 1 ,Q p )= inf |a; — asi|p = inf \x - >/A/(2c)| = d(y/K/(2c), Q p ). 
By Corollary 2.8, we get 

d(Q P ,X!) = \VA/(2c)\ p . 
The same arguments apply to x 2 instead of x\. 

Notice that \VA/(2c)\ p = \y/A/c\ p whenp > 3. Sod(x x ,Q p ) = d(x 2 ,Q p ) = r . □ 

Lemma 5.12. Let p > 3. We have 

(1) Q p cA'\(D(a:i,ro)UD(a:2,ro)); 

(2) ff (P 1 (Q p ))cS(0,l). 

Proof. The first assertion is a direct consequence of Lemma 5.11. 
For the second assertion, by Propositon 2.2, we have 

g(D(x 1 ,r )) - P 1 \ 5(0,1) and g(D(x 2 , r )) =D(0,1). 

So^P^Qp)) cS(0,l). □ 



Lemma 5.13. (1) //Q 2 (VA) = Q 2 (V^3), then d{ Xl ,Q 2 ) = d{x 2 , Q 2 ) = r . 

(2) 7/Q 2 (\/A) = Q 2 (\/2),Q 2 (^),Q 2 ( x /=6) rQ 2 (x/6) ) then 

d{x!,Q 2 ) =d{x 2 ,Q 2 ) = 2r . 

(3) //Q 2 (\/A) = Q 2 (\/^T) or Q 2 (V3), rf(a;i,Q 2 ) = d(x 2 ,Q 2 ) = y/2r . 
Proof. Since x x = a - d +/^ with ^ e Q 2 , we have 

d(a?i,Q 2 )= inf |x-a;i| 2 = inf |a: - >/A/(2c)| = d{VE/(2c), Q 2 ). 



(1) Assume Q 2 (VA) = Q 2 (V^3). By Corollary 2.11, we have 



So 



d(*i I Q a ) = ^^ = |VA/c| a = n,. 



(2)AssumeQ 2 (VA) =Q 2 (\/2),Q 2 (y^2),Q 2 (V-6)orQ2(y6). By Corollary 2.11, 
we have 

d(>/A/(2c),Q 2 ) = |>/A/(2c)| 2 . 
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So 



d(a;i,Q 2 ) = 



= 2r . 



2c 



2 



(3) Assume Q 2 (v / A) = Q 2 (v /3 T) orQ 2 (v / 3)- By Corollary 2.1 1, we have 



«V5/(fc).Q,)= ^ /Mb . 



2 

Applying same arguments to x 2 instead of x\, we complete the proof. 




□ 



5.2. Proof of Theorem 5.3. Assume that K = Q p (v / A) is an unramified quadratic ex- 
tension of Q p . Then |i4T* | p = |Q* | p and p is a uniformizer of K. 

Lemma 5.14. The unit sphere §(0, 1) consists of p 2 — 1 disjoint closed disks with radius 
1/p, and there are (p + 1) such disks which intersect g(P 1 (Q p )). 

Proof. By Proposition 2.2, we have 



Observe that §(0, 1) consists of p 2 — 1 closed disks of radius 1/p, because K is an unram- 
ified quadratic extension of Q p and O(0, 1) = §(0, 1) U D(0, 1/p). In order to determine 
the number of those disks which intersect g(¥ 1 (Q p )), we are going to determine the num- 
ber of closed disks D C D(xi , r ) of radius r /p such that DnP 1 (Q p ) ^ 0. By Lemma 
2.13, there are p disks D(aj, ro/p) C 0(xi, ro) where i — 1, 2, • • • ,p, which intersect 
Q p . By Lemma 5.11, we have D(xi, r a /p) n Q p = and D(x 2 ,r /p) n Q p = 0. So 
D(ai, r /p) 7^ D(xj,ro/p) for all 1 < i < p and j = 1 or 2. 

By Proposition 2.2, each g>(D(aj, ro/p)) C S(0, 1) is a closed disk of radius 1/p. Ob- 
viously, g(B(a,i,r)) n ^(P^Qp)) 7^ 0. Since # is a bijection from P 1 ^) into itself, 
D(l, 1/p), ff(B(ai,ro/p)), • • • , fir(B(a p , ro/p)) are the p + 1 closed disks which intersect 



Lemma 5.15. For each n > 1, fe/ D C §(0, 1) be a closed disk with radius 1/p™. If 
D n g(P 1 (Q p )) 7^ ami if we decompose D wfo p 2 closed disk with radius l/p n+1 , then 
there are p such disks which intersect giV 1 (Q p )). 

Proof. We distinguish the following three cases. 

(1) Assume Dn D(l, 1/p) = 0. By Proposition 2.2, 



and 3 _1 (D) is a closed disk of radius r /p n and intersects Q p . We decompose <7 _1 (B) as 
p 2 closed disks of radius ro/p n+1 . By Lemma 2.13, there are p disks Di, D 2 , •• • , D p C 
# _1 (B) of radius r Q /p n+1 such that D, n Q p 7^ for 1 < i < p. By Proposition 2.2 and a 
simple calculation, each g(U>i) is a closed disk with radius l/p n+1 . Obviously, 



^P 1 ^) \ B(x u r )) = D(l, 1/p) c §(0, 1), 
5 (D(x 1 ,r /p))=P 1 (if)\D(0,l), 
5 (B(x 2 ,r /p))=B(0,l/p). 



g(v\Q P ))- 



□ 



g-^B) C B(xi,r ) \ (B(ii,r /p)Ul(x 2 , r „/p)), 



ff (D l )n 5 (P 1 (Q p ))^0 for i = l,... 
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(2) Assume D C B(l,l/p) and 1 £ D. Let d = d(l,D) := mf^glai - l| p and 
to := — log p G?o- By Proposition 2.2, g _1 (D) c E>(xi,p m ro) is a closed disk of radius 
p 2m ~ n r . We conclude by Lemma 2.13 and arguments similar to that used in Case (1). 

(3) Assume 1 e D. By Proposition 2.2, we get 

g-^D) = ¥ 1 (K)\D(xi,p n - 1 r )- 

Notice that 

P 1 (K) \D( Xl , p n - l r ) = (P 1 (K) \ 35(3!! , p'V )) U S(an , P n r ) 

and that S(xi,p"ro) consists of p 2 —\ closed disks with radius p n ~ 1 ro. Also B(xi, p n ro) — 
E(xi,p n r ) U D(xi,p n_1 r ) and ©(a?!^™" 1 ^) n Q p ^ 0. By Lemma 2.13, there are 
p — 1 such disks D 1; D 2 , • • • ,B p _i C §(xi,p"ro) of radius p" _1 r which intersect Q p . 
Again by Proposition 2.2, we get ^(P 1 ^) \ !5(a;i,p"r )) = 35(1, l/p n+1 ). So 

D(i,i/p" +1 ), <7(55i), ••• , ff (35 p _i) 

are the p closed disks of radius p 1 /v n + 1 ) which intersect ^(P 1 (Qp)). □ 

Lemma 5.16. Consider ip(x) — Xx. Let £ be the order of X in K*. One can decompose 
§(0, 1) into (p 2 — l)p Vp ( x - 1 )- 2 ~ 2 /£ clopen sets. Each clopen set is of type (£, 1) at level 
Vk(X-I). 

Proof. Since e = 1 and p > 3, we have e/(p — 1) < 1. By Corollary 4.6, the conclusion 
follows. 

□ 

Having the above lemmas, we are now ready to determine the minimal decomposition 
of dynamics (P 1 (Q p ), tp) when K is an unramified quadratic extension of Q p . 

Proof of Theorem 5.3. The system (P 1 (Q P ), <p) is conjugate to the system (g(¥ 1 (Q p )),tp) 
by g(x) = X X Z_ X X 2 ■ So we are going to study the dynamics (g(¥ 1 (Q p )),ip). ByLemma5.12, 
g(¥ 1 (Q p )) C §(0, 1). So (g(¥ 1 (Q p )), ip) is a subsystem of (§(0, l),ip). By Lemma 5.16, 
£\(p 2 — 1). Since g(P 1 (Q p )) is i/'-invariant, by Lemmas 5.16 and 5.14, we have £\(p + 1). 

By Lemma 5.16, the dynamics (S(0, 1), ip) is decomposed into (p 2 — l)p v p^ x ~ x )' 2 ~ 2 / '£ 
subsystems (Bi, ip) of type (I, 1) at level v p (X — 1) and each Bi is a ^-invariant clopen 
set which is a union of I closed disks of radius p~ v p( x By Lemmas 5.14 and 5.15, 
there are (p + l)p Vpt - x /£ such clopen sets which intersect g(F 1 (Q p )). 

Let Bi C S(0, 1) be an (I, 1) type clopen set at level v p (X e - 1) of ip. If B t n 
3(P 1 (Qp)) 7^ 0' we clahn that the dynamics {B l n g(¥ 1 (Q p )),ip) is minimal. Since 
(Bi,ip) is of type (£, 1) at level v p (X l — 1), let • • • , ) be the cycle of ^ (a*-i) at 
level w p (A^ — 1) corresponding to i?,;. Then it follows that the cycle (xi, • • • , xi) grows. 
By Lemma 5.15, there exists a unique lift (t/i, ■ ■ • , yt p ) at level v p (X l — 1) + 1 such that 

D(%,P^ p(A ^ 1)_1 ) n g(¥ 1 (Q p )) 7^ 0, for 1 < j < £p. 

Using Lemma 4.1, by induction, we infer that the system (Bi n 5(P 1 (Q P )), ip) is minimal. 

Following the above arguments and the proof of Theorem 3 in [18], we also deduce that 
the minimal subsystem (Bi fl g(¥ 1 (Q p )),ip) is conjugate to the adding machine on the 
odometer Z( Ps ) with (p s ) = (£, £p, £p 2 , ■ ■ ■ ). □ 
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5.3. Proof of Theorem 5.4. Assume that if is a ramified quadratic extension of Q p . Then 
we have e = 2 and \K* 



ip 



Lemma 5.17. The unit sphere §(0, 1) consists of p — 1 disjoint closed disks of radius 
p~ x l 2 , and there are 2 such disks intersecting g(¥ 1 (Q p )). 

Proof. Decompose P^X) as D(xi, r ) and P^if) \ B(xi,r ). By Proposition 2.2, 

3 (P 1 (/f)\D( a;i ,ro))=D(l,p- 1 / 2 ). 
Observe that ro = p m l 2 for some odd number m, because Q P (V A) is a ramified quadratic 
extension of Q p and r = with c, A e Q p . By Lemma 2.14, D(a;i, ro) consists of p 

closed disk of radius rop -1 / 2 and there is a unique such disk D = B(^=p, rop" 1 / 2 ) which 
intersects Q p . By Proposition 2.2, we deduce that g(D) C §(0, 1) is a closed disk of radius 
p" 1 / 2 . So ©(Lp" 1 / 2 ), g(D) C §(0, 1) are the two disks of radius p" 1 ! 2 which intersect 

For x G R, denote by [ccj the integeral part of x. 

Lemma 5.18. For each n > 1, let D C §(0, 1) £>e a closed disk with radius p~™/ 2 . 7f 
D n g(P 1 (Q p )) ^ and if we decompose D into p closed disk with radius p~(™ +1 )/ 2 , then 
there are pL(«+ 1 )/ 2 J - L«/2J SMC /j w hich intersect ^(P 1 (Q p )). 

Proo/ By Proposition 2.2 

3 (P 1 (if)\D(.T ,r ))=D(l,p- 1 / 2 ). 

Observe that r = p" 1 / 2 for some odd number m e Z. Applying Lemma 2.14, we obtain 
the conclusion by similar arguments in the proof of Lemma 5.15. □ 

Lemma 5.19. For each n > 1, §(0, 1) consists of (p — l)p n_1 disjoint closed disks with 
radius p~ n l 2 . There are 2 • pL"2 J smc/z cfefcs which intersect ^(P 1 (Qp)). 

Proof. Using Lemmas 5. 17 and 5. 18, we obtain the conclusion by induction. □ 

We are now ready to determine the minimal decomposition of the system (P x (Q p ), <p) 
when if is a ramified quadratic extension of Q p . 

Proof of Theorem 5.4. Observe that the dynamical system (P 1 (Q P ),0) is conjugate to 
( 5 (P 1 (Qp))»by g{x) = So we need only study the dynamics (g(P 1 (Q p )), V>). 

Since K = Q P (V A) is a ramified quadratic extension of Q p and A <E Q p , it follows 
that 

\a + d\ p ^ \VA\ p . 
We distinguish the following two cases. 
(1) Assume \a + d\ p > |\ZA| p . Write 

A=l + 

a + d - V A 

We have A = 1 ( mod n). By Proposition 4.4 and Remark 4.5, (§(0, 1), ip) is decomposed 
into (p — l)pM^ p -i)-2 subsystems (£?;, ip) of type (p, e) at level v 7T (\ p — 1) and each Bi 
is a union of p closed disks of radius p - "*-^ -1 )/ 2 . By Lemmas 5.17 and 5.19, there are 
2?5 K(a p -i)-3)/2 such disks which intersect ^(P^Qp)). 

If Bi n ff(P x (Qp)) ^ 0, we claim that (B t n 5(P 1 (Qp))» is minimal. 
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Let a = (xi, ■ ■ ■ , x p ) be the cycle of V^ap-i) at level v 7T (X p — 1) with x\ £ Bi. So 
the cycle er grows. Let a 1 = (j/i, ■ ■ ■ , y^) be the lift of a at level v 7T (X p — 1) + 1. Then 
er 1 splits one time and all descendants at level v 7r (X p — 1) + 2 grow. By Lemma 5.18, there 
is a descendant a 2 = (z\, ■ ■ ■ ,z p ?.) of a 1 at level Vt T (X p — 1) + 2 such that 

D( Zl ,p- (v ^ XP - 1)+2)/2 ) D giV^Qp)) ^0, fori = 1,--- ,p 2 . 

Using Lemmas 4.1 and 5.18, by induction, we infer that (Bi n .g(P 1 (Q p )), -0) is mini- 
mal. Following the above arguments, we also deduce that the minimal subsystem (Bi n 
g(F 1 (Q p )), ip) is conjugate to the adding machine on the odometer Z( p j with (p s ) = 

(1,P,P 2 ,---)- 

(2) Assume \a + d\ p < \VA\ p . Write 

A = -l + 2(a + ^. 

a + d - V A 

Then A = -1 ( mod tt) and v 7r (X + 1) = v 7r (a + d) - v v (\/A). So A 2 = 1 ( mod it) and 
Vtt(X 2p — 1) = W7r(A p + 1). We conclude by the same arguments as in Case (1). □ 

5.4. Proof of Theorem 5.7. Assume K = Q 2 (\/ = 3). Lemma 2.5 shows that Q 2 (\/ = 3) 
is an unramified extension of Q 2 . 

Lemma 5.20. If Q 2 (\/ A) = Q 2 (\/— 3), //zen f/ze M«/f sphere S(0, 1) consists of 3 closed 
disks of radius 1/2 a«<f eac/z c/wA: intersects g(V 1 (Q p )). For n > 1, let D C §(0, 1) fee a 
closed disk with radius 1/2™ one/ smc/z (ktDnP 1 (Q 2 ) 7^ 0. 77ze« D consists of 4 closed 
disks with radius l/2 n+1 one/ f/zere are 2 5mc/z cfofcs w/zz'c/z intersect (7(P 1 (Q 2 ))- 

Proof. Observe that the unit sphere §(0, 1) consists of 3 closed disks of radius 1/2, because 
K is an unramified extension of Q 2 . By Proposition 2.2, we have 

, 9 (P 1 (^))\D( a ; 1 ,r ))=D(l,l/2). 

By Lemma 5.13, 

D(zi,ro/2)nQ 2 = and B(x 2 , r /2) n Q 2 = 0. 

By Lemma 2.13, D(xi, ro) consists of four closed disks of radius rg/2 and there are two 
such disks which intersect Q 2 . Let D l7 D 2 C D(xi, r ) be the two closed disks of radius 
ro/2 which intersect Q 2 . By Proposition 2.2, 

g(B(x u r /2)) = P 1 ^) \B(0, 1) and g(B(x 2 ,r /2)) = D(0, 1/2). 

Observe that 

D(xi, r ) = B( Xl ,r /2) U B(x 2 , r /2) UDjU D 2 . 
So by Proposition 2.2, 

§(0,l)=#i)U# 2 )UB(l,l/2) 

where g(Di), <7(D 2 ) are closed disks of radius 1/2. 

Analysis similar to that in the proof of Lemma 5.15 implies the remaining conclusion. 

□ 

We are now ready to determine the minimal decomposition of the dynamics (P 1 (Q 2 ), <p) 
when K = Q 2 (v / — 3). Observe that 2 is a uniformizer of Q 2 (\/— 3). 
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Proof of Theorem 5.7. Since the dynamics (P 1 (Q2),0) is conjugate to (g(V 1 (Q2)), V0> 
we are going to study the dynamics (g(P 1 (Q 2 )), ip)- Observe that (<?(P 1 ( ( Q>2))j ip) is a 
subsystem of (§(0, 1), ip). By Proposition 4.4, we get £\3, i.e. I = 1 or 3. Since Q 2 (\/— 3) 
is an unramified quadratic extension of <Q>2, then e = 1. Proposition 4.4 and Remark 4.5 
show that (S(0, 1), ip) is decomposed into 3 • 2 t,2 ( A '- 1 )' 2 - 2 /^ subsystems {B h ip) of type 
(I, E) at level ^(A^ — 1) with E = (v 2 (X e + 1), 1, 1, ■ ■ ■ ), and each B t is a ^-invariant 
clopen set which is a union of £ closed disks of radius 2~ V2t - x By Lemma 5.20, there 
are 3 • 2 V2( - X t ~ 1 )- 1 f '£ such clopen sets intersecting g(P 1 (Q 2 ))- 

Let (B,ip) be a subsystem of type (£,E) at level v 2 (X e - 1) with E = (v 2 (X e + 
1), 1, 1, • ■ ■ ) and such that B n P 1 (Q 2 ) 7^ 0- The system (B, ip) is decomposed into 
2 v 2 (\ e +i)2-2 subsystems (Cj,ip) of type {2£, 1) atlevel v 2 (A 2 ^-l) and there are 2^(a £ +i)-i 
such subsystems of (B, ip) which intersect g(Q p ). 

If Cj n .g(P 1 (Q2)) 7^ 0, we claim that the system (Cj n g(P 1 (Q 2 )), VO is minimal. 
Observe that (Cj,ip) is of type (2£, 1) at v 2 (X 21 — 1). Let (x\, ■ ■ ■ , x 2 e) be the cycle of 
ip V2 (\-2i-i) at level v 2 {\ 21 — 1) corresponding to Cj. Then the cycle • • • , a^) grows. 
By Lemma 5.20, there exists a unique lift (j/i, ■ ■ ■ , y«) at level v 2 (X 21 — 1) + 1 such that 

D(»fc,P _Wa(AM ~ 1)_1 ) n 5(P 1 (Q 2 )) ^0 for 1 < k < U. 
Using Lemma 4.1, by induction, we conclude that the system (Cj n g(F 1 (Q 2 )),ip) is 
minimal. 

So the dynamical system (V 1 (Q 2 ) , 4>) is decomposed into 3 • 2 V2< - X - 1 )" 2 /£ minimal 
subsystems. Following the above arguments, we also know that each minimal subsystem is 
conjugate to the adding machine on the odometer 1*( Pa ) with (p s ) = (£, £2, £2 2 , ■ ■ ■). □ 

5.5. Proof of Theorem 5.8. Assume that K = Q 2 (Vi), where i = 2, -2, 6 or - 6. By 
Lemma 2.5, K is a ramified quadratic extension of Q 2 . So we have §(0, 1) = D(l, \/2/2). 

Lemma 5.21. We have 

(1) D(l, y/2/2) = D(l, 1/2) U D(l + y/i, 1/2), D(l, 1/2) n g(P 1 (Q 2 )) + and 
D(l+yi,l/2)n 5 (P 1 (Q 2 )) = 0. 

(2) D(l, 1/2) consists of 2 closed disks of radius \/2/4, all of which intersect ^(P 1 (Q 2 )). 

(3) For n > 3, let D C D(l, 1 /2) be a closed disk of radius 2-' n / 2 with 

On 5 (P 1 (Q 2 ))^0. 

Then D consists of 2 closed disks of radius 2-("+ 1 )/ 2 , and there are 2 L("+ 1 )/ 2 J - L™/ 2 J smc /j 
cfofcy intersecting <7(P (Q 2 )). 

Proof. (1) By Proposition 2.2, we have ^(P 1 ^) \ B(x 1 , V2r )) = D(l, 1/2). Lemma 

5.13 shows that D(zi, y/2r ) n Q 2 = 0. Observe that D(l, y/2/2) = D(l, 1/2) U D(l + 
Vi, 1/2) andP 1 (Q 2 ) C P 1 ^) \ B(an, \/2r ). So 

©(l + Al^n^P^Qa)) = 0and. 9 (P 1 (Q 2 )) c 5(1, 1/2). 

(2) By Proposition 2.2, 

g^^K) \ B(x u 2r )) = D(l, x/2/4) and fl (S(xi, 2r )) - S(l, 1/2). 

By Lemma 5.13, S(a;i,2ro)nQ 2 + 0. Observe that D(l, 1/2) = B(l, v/2/4) US(1, 1/2), 
where S(l, 1/2) is actually a closed disk of radius \/2/4. So we can conclude. 

(3) Observe that ro = p m / 2 for some odd integer m. Using Proposition 2.2, Lemma 

2.14 and the analysis similar to that in the proof of Lemma 5.15, we obtain the conclusion. 

□ 
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Proof of Theorem 5.8. We need only study the dynamical system (5(P 1 (Q 2 )), V0> since 
(P 1 (Q 2 ), <t>) is conjugate to (g(¥ 1 (Q 2 )),il>) by g = §=§*. It is easy to see that |a + d| 2 7^ 
|\/A| 2 . Thus we distinguish two cases. 
(1) Assume \a + d\ 2 > |v/A| 2 . Write 



, , 2VA 
A = 1 + 



d- 

We have ^ (A -1) = 2 + v 7r (\/A)-u 7r (a + d) > 3andv 7r (A + l) = 2. By Proposition 4.4 
and Remark 4.5, (S(0, 1), tjj) is decomposed into 2 V '^ 1 ^ 1 subsystems (Bi,tp) of type 
(1, 2) at level v n (X—l), each £?j is a ^-invariant clopen set which is a closed disk of radius 
2-MA-i). observe that - 1) is odd. By Lemma 5.21, there are 2(""( A - 1 )- 1 )/ 2 such 
clopen sets of type (I, 2) intersecting g(P 1 (Q 2 ))- 

If Bi n g(¥ 1 (Q 2 )) 7^ 0, analysis similar to that in the proof of Theorem 5.4 implies that 
the dynamical system (Bi n g(P 1 (Q 2 )), tp) is minimal. 

So the dynamical system (P 1 (Q 2 ), 4>) is decomposed into 2^' u,r ^ _1 ^ _1 ^ 2 minimal sub- 
systems and each minimal system is conjugate to the adding machine on the odometer 
Z (p .) with (p.) = (1,2,2V ••)• 

(2) Assume \a + d\ 2 < \y/A\ 2 . Write 

A = -l + 2 <° + d > 
a + d - V A 

We get iv(A + 1) = 2 + v n (VA) - v n (a + d) > 3 and ^(A - 1) = 2. 

By Proposition 4.4 and Remark 4.5, (§(0,1),^) is decomposed into 2 subsystems 
{Bi,ip) of type (1, E) at level 2 with E = (v 2 (X + 1), 2, 2, • • • ), and each B 4 is a -0- 
invariant closed disk of radius 2 _1 , where z = 1 or 2. By Lemma 5.21, there is a unique 
such closed disk which intersects g(P 1 (Q 2 )). Without loss of generality, we may suppose 
thatB 1 n 5 (P 1 (Q 2 ))f 0. 

Being of type (1, E) at level 2, the dynamics (B\,ip) is decomposed into 2^ V7V ^ +1 ^~ 1> > 
subsystems of type (2, 2) at level ^(A 2 - !)• By Lemma 5.21, there are 2 (l, " (A+1)_1)/2 
such clopen sets of type (I, 2) intersecting .g(P 1 (Q 2 )). If (C, ip) is such a subsystem satis- 
fying C n ^(P 1 (Q 2 )) 7^ 0> analysis similar to that in the proof of Theorem 5.4 implies that 
the dynamical system (C n .g(P 1 (Q 2 )), ip) is minimal. 

So the dynamical system (P 1 (Q 2 ), 4>) is decomposed into 2 < - V7r ^ +1 ^ 1 ^ 2 minimal sub- 
systems and each minimal system is conjugate to the adding machine on the odometer 
Z (ps) with(p fl ) = (1,2,2 2 ,---). 

□ 



5.6. Proof of Theorem 5.9. Assume that K = Q 2 (-/ r T) or Q 2 (V3). By Lemma 2.5, K 
is a ramified quadratic extension of Q 2 . We also have §(0, 1) = D(l, \/2/2). 

Lemma 5.22. We have 

(1) the disk D(l, V2/2) consists of 2 closed disks of radius 1/2, all of which intersect 
g(V\Q 2 )); 

(2) for n > 2, let D C D(l, \/2/2) be a closed disk of radius 2-™/ 2 . Then D consists 
of 2 closed disks of radius 2~(" +1 )/ 2 and there are 2 L"/ 2 J ^ L(«— i)/2j sucn wn f cn 
intersect g(P 1 (Q 2 )). 

Proo/ (1) By Proposition 2.2, 

5 (P 1 (if)\D(x 1 ,r ))=D(lV2/2). 
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Observe that D(l, y/2/2) = D(l, 1/2) U S(l, y/2/2) and S(l, y/2/2) is a closed disk with 
radius 1/2. By Lemma 5.13 and Proposition 2.2, S(l, y/2/2) n g(¥ 1 (Q p )) ^ 0. Clearly, 
D(l, 1/2) n g(F 1 (Q p )) ^ 0, since g(oo) = 1. 

(2) We conclude by arguments similar to that in the proof of Lemma 5.21 . □ 

Lemma 5.23. Assume Q 2 (y/A) = Q 2 (Vi) where i = — 1 or 3. If\a + d\ 2 = \V A| 2 , then 

i— y/2 
|a + rf-VA| 2 = ~y ■ \a + d\ 2 . 

Proof. It is a immediate consequence of the second assertion of Proposition 2. 12. □ 

Proof of Theorem 5.9. We are going to study the dynamical system (g(¥ 1 (Q2)), V0> since 
(P 1 (Q 2 ), <j>) is conjugate to (g(P 1 (Q 2 )), ip) by g = §5§^. We distinguish the following 
three cases. 

(1) Assume \a + d\ 2 = \y/A\ 2 . Write 

A= 1 + 

a+d- V A 

By Lemma 5.23, v n (\ - 1) = 2 + v n (\/A) - v n (a + d- \TK) = 1 and v n (X + 1) = 1. 
For n > 2, it is easy to check ^(A 2 " + 1) = 2. By Proposition 4.4, (S(0, 1), -0) is of type 
(2, E) with E = (^(A 2 + 1), 2, 2, • • • ) at level 2. 

Let a = (x\ , x 2 ) be the cycle at level 2. So the cycle cr will grow. Let a 1 — (yi , ■ ■ ■ ,1/4) 
be the lift of a at level 3. Then cr 1 splits ^(A 2 + 1) — 1 times and all the descendants of 
er 1 at level ^(A 4 — 1) grow. By a simple calculation, 

x2 + 1= 2(a + d) 2 + 2A 
{a + d - \/A) 2 ' 

Lemma 5.23 leads to v n (a + d — \/A) = 1 + v n (a + d). Since v 7T (2) = 2 and ^((a + 
d) 2 + A) > v n (a + d) 2 + 2 are even, ^(A 2 + 1) > 2 is also an even number. 

By Proposition 4.4, the dynamics (§(0, 1), tp) is decomposed into 2 t, "( A subsys- 
tems (B u i>) of type (4, e) at level v n (A 2 + l)+2. By Lemma 5.22, there are 2(^( a2+1 )- 2 )/ 2 
such components of type (4, e) which intersect 5 (P 1 (Q 2 ). If B t n g(¥ 1 {Q 2 )) ^ 0, 
analysis similar to that in the proof of Theorem 5.4 implies that the dynamical system 
(Bi n g{P 1 (Q 2 )),ip) is minimal. 

So the dynamical system (P 1 (Q 2 ), <jj) is decomposed into + 1 )- 2 )/ 2 minimal sub- 

systems and each minimal system is conjugate to the adding machine on the odometer 
Z (p .) with(p fl ) = (1,2,2 2 ,---). 

(2) Assume \a + d\ 2 > \\/A\ 2 . Write 

2^A 



A = 1 + 

a + d - V A 

We obtain v JT (X - 1) = 2 + v v (\/A) -v^(a + d) > 4 and v v (X + 1) = 2. We conclude 
by arguments similar to that in the proof of Theorem 5.8. 
(3) Assume \a + d\ 2 < \\/A\ 2 . Write 

A = -l+ 2(a + ^. 

a + d - V A 

We have v n (X + 1) = 2+ (u w (a + d)) - -y^VS > 4 and u w (A - 1) = 2. We also conclude 
by arguments similar to that in the proof of Theorem 5.8. □ 
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6. Invariant measure 

As we have seen when <fr admits no fixed point in Q p and <fi n ^ id for all positive integer 
n, the dynamics (P 1 (Q p ) , <fi) is decomposed into a finite number of minimal subsystems. In 
this section, we determine the invariant probability measures for each minimal subsystem. 

Let (Xi, d\) and (X%, d 2 ) be metric spaces, and let J 7 be a family of maps from X\ to 
X 2 . The collection T is said to be equicontinuous on X\, if for every x E X\ and every 
e > 0, there exists a <5 > such that 

di(x,y) < S =*> d 2 {f(x),f(yj) for every / € T. 

For each g E PGL(2, Q p ), there exist a number C > such that 

p(g(x),g(y)) < p{x,y) for all a;,?/ E Qp, 

(see Theorem 2.14 of [31]). 

Since the dynamics (P^Qp), </>) is conjugate to (g(¥ 1 (Q p )),Xx) with |A| P = 1 by a 
conjugacy g E PGL(2,Q p ) defined by g(x) = f5f^, the dynamics tj> : P 1 (Q P ) -> P^Qp) 
is equicontinuous with respect to the chordal metric, where the dynamics is equicontinuous 
means the family of iterates {<j> l }i>i is equicontinuous on P 1 (Q p ). Theorem 6.1 below 
shows that for each minimal subsystem there exists a unique invariant (ergodic) measure 
with the minimal component as its support. 

Theorem 6.1 ([25]). Let X be a compact metric space and T : X i— > X be an equicontin- 
uous transformation. Then the following statements are equivalent: 

(1) T is minimal on X. 

(2) T is uniquely ergodic on X. 

(3) T is ergodic for any ( or some) invariant probability measure with X as its support. 

Let (1q be the Haar measure on Z p . We define two probability measures p and jti on the 
projective line P 1 (Q p ). For each Borel measurable set S C P 1 (Q P ), let 

Si = i P n s, s 2 = (P 1 (Q p ) \ Zp) n s. 

Define £ : P X (Q P ) -> P^Qp) by f (z) = 1/z. It is clear that C -1 ^) C Z p . The image of 
P^Qp) \ Zp under £ is the ball pZ p . So o ^(P^Qp) \ Z p ) = 1/p. The measure p is 
then defined by 

KS) :=^{p a (S 1 )+p oC 1 (S 2 )). 
p+l 

The measure ~p is defined by 

M(S') : = ^o(5"i) + | • Mo £ _1 (S 2 ). 
First, we discuss the case when p > 3. 

Assume that Q p (\/A) is an unramified quadratic extension of Q p . Since p > 3, it 
follows that |a?i -3^| P = |#| P = P^|p = r . ThenD(x 1; r ) = D(^,r ). So 
D(xi,r ) n Qp = D(^,r ) n Qp = D(^,r Q ). Let 77 E Q p be a point with M P = r 
and set 

a - d 

nix) — r\x H . 

2c 

Then h~ 1 (D(^=s, r )) = D(0, 1). According to the proof of Theorem 5.3, it is easy to 
prove the following theorem. 
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Theorem 6.2. Under the assumptions of Theorem 5.3, if (B, <jA is a minimal subsystem 
of (P 1 (Q P ), <p), then the unique invariant measure a of the system (B,(f>) is defined as 
follows: for each measurable subset Ad B, 

a{A) ~ aoh-^BY 

Proof. Let ip = hr 1 o (f> o h. Then h^ 1 (xi) and h~ 1 (x 2 ) are the two fixed points of <p. It 
is easy to check that \hr 1 (xi)\ p = \hr 1 (x 2 )\ p = \h~ 1 (x 1 ) — h~ 1 (x 2 )\ p = 1. 

We assert that the measure fi is ^-invariant. Since (B, (j>) is a minimal, it follows 
that (h~ 1 (B),ip) is minimal. So the measure fi\h- 1 (B) (the restriction of measure fi on 
h~ 1 (B)) is an invariant measure of dynamical system (/i _1 (_B), ip). Thus the measure a 
is an invariant measure of the system (B, <p). 

Now we are going to prove our assertion. Actually, if the two fixed points x\,x 2 of 
(P 1 (Q p ), <f>) satisfy that |a;i| p = \x 2 \ p = \x\ — x 2 \ p = 1, then p, is (^-invariant. Since the 
dynamical system (P 1 (Q P ), <t>) is conjugate to the system (g(P 1 (Q p )), ip) with tp(x) = Xx 
by g(x) = fEfJ. For a positive integer n > 1 and a E g(P 1 (Q p )), let 

D(a,p n ) := {x G giV'iQp)) : \x - a\ p < r} 

be a disk of radius p n centred at a in g(F 1 (Q p )). For each D(a,p n ) C g(¥ 1 (Q p )), we 
define function ]l(D(a,p n )) = (p + l)~ 1 p~ n+1 . By Lemmas 5.14 and 5.15, the function 
ju can be extended to be a Borel probability measure on g(P 1 (Q p )). Since ip(x) = Xx 
with |A| P = 1, it follows that the measure jl is ^-invariant. Also it is easy to check that 
ft, = p, o g^ 1 . So fi is ^-invariant, which completes the proof. □ 



Now assume that Q p (vA) is an ramified quadratic extension of Q p . It is easy to see 
that D(xi,r ) n Q p = D(^,p~ 1/2 ■ r ). Let 77 e Q p be a point with \r)\ p = p~ 1/2 ■ r 
and set 

a - d 

h{x) = r\x + — — . 

AC 

Then h- 1 (D( s ^,p- 1 / 2 -r )) = 25(0, 1). According to the proof of Theorem 5.4, we can 
easily prove the following theorem. 

Theorem 6.3. Under the assumptions of Theorem 5.4, if (B, <j>) is a minimal subsystem of 
(P 1 (Q p ), <t>), the unique invariant measure a of the system (B, <p) is defined as follows: for 
each measurable subset A C B, 

JIoh-^A) 
a{A) ~ Tioh-W 
Example 6.4. Let p = 3 and consider the dynamical system (P 1 (Q3), <p) where 

4>(x) = 



x + 1 

Consider the equation (j>(x) = x, where discriminant A = 5. By Lemma 2.3, \fh Q3. 
Then (p has two fixed points X\ = ~ 1 ~ 2 ~'^ and x 2 — -1 2 in K = Q.s(\f?>) which is an 
unramified quadratic extension of Q 3 . On the other hand, 

. _ l + \/5 _ 3 + >/5 

Then 

x2 7 + 3\/5 



-l(mod3) 
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and 



A 4 = 47+ 2 21 ^ = l(mod 3), , 3 (A 4 -1) = 1. 



By Theorem 5.3, the system (P 1 (Q 3 ), (/)) is minimal and conjugate to the adding machine 



on the odometer 1>( Vs ), where 

(p s ) = (4,4.3,4-3 2 ,---). 

By Theorem 6.1, there exists a unique invariant probability measure with P 1 (Qs) as its 
support. Notice that r = \x\ — x 2 | 3 = \V§\3 = 1 and D{— |, 1) = D(0, 1). By Theorem 
6.5, the invariant measure of system (P 1 (Q 3 ), 0) is fi. 

Now let us consider the case p = 2. 

Assume that K = Q^v 7 — 3). Notice that 2 is a uniformizer of Q 2 (\/A). It is easy to 



see that D(a;i,r ) n Q 2 = D{ a ~ d ~ p ^^\ r a ). Let )?eQ 2 be apoint with |r/| 2 = r and 
set 



/i(x) = 772; + 



2c 



2<VA) 



Then /t~ 1 (D( a ~ a ~f e , r )) = D(0, 1). According to the proof of Theorem 5.7, we 

have the following theorem. 

Theorem 6.5. Under the assumptions of Theorem 5. 7, if (B, <j>) is a minimal subsystem of 
(P 1 (Q 2 ), 4>), the unique invariant measure a of the system (B, (j>) is defined as follow: for 
each measurable subset A C B, 

Assume that Q 2 (\/A) = Q 2 (-\A) where i = 2, —2, 6 or — 6. It is easy to see that 
D(xi,2r ) HQ 2 = D(^,y/2-r ). Let t] e Q 2 be apoint with |jy| 2 = \/2 ■ r and set 

, a — 

Then h~ 1 (D('^, \pl ■ r )) = 15(0, 1). According to the proof of Theorem 5.8, we can 
obtain the following theorem. 

Theorem 6.6. Under the assumptions of Theorem 5.8, if (B, <f>) is a minimal subsystem of 
(P 1 (Q2) i 4>)y me unique invariant measure a of the system (B, (f>) is defined as follow: for 
each measurable subset A C B, 

Assume that Q 2 (\/A) = Q 2 (\/i) where i = — 1 or 3 . Let tt be a uniformizer of 

2c 



Q 2 (\/A). It is easy to see that D(a;i, \/2 • r ) n Q 2 = D(^=^^^,r ). Let 77 e Q 2 
be a point with |?7| 2 = r and set 

= 772; + — . 

Then fo^p r^C'^' ,r )) = 15(0, 1). According to the proof of Theorem 5.9, we 
have the following theorem. 
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Theorem 6.7. Under the assumptions of Theorem 5.9, if (B, cf>) is a minimal subsystem of 
(P 1 (Q 2 ) , cf)), the unique invariant measure a of the system (B, <fi) is defined as follow: for 
each measurable subset A C B, 

a{A) ~ jioh-HBy 

Example 6.8. Let p = 2 and consider the dynamical system (P 1 (Q 2 ) , <j>) where 



x + l 



Consider the equation (f>(x) = x, whose discriminant is A = 5. By Lemma 2.3, we 

have VE £ Q 2 . Notice that e Q 2 . This implies that Q 2 (\/5) = Q2(\/ = 3). Similar 

to Example 6.4, <\> has two fixed points x\ = and x 2 = ~ 1 ^ 2 ^ > in K = Q 2 (v / 5) 

which is an unramified quadratic extension of Q 2 . So we have 

. _ l + y/5 _ 3 + 

and A ^ 1( mod 2). Thus 

A 3 = -9_4V5= 1( mod 2), 



A 6 = 161 + 72V5, w 2 (A 6 -l)=3. 

Theorem 5.7 now shows that (P 1 (Q 2 ), cf)) is decomposed into 2 minimal subsystems which 
are conjugate to the adding machine on the odometer Z( Ps ) with 

( Ps ) = (3,3-2,3-2 2 ,-..). 

It is easy to check that B 1 = 7J(0, 1/8) U D(l, 1/8) U D(l/2, 1) U 15(2/3, 1/8) U 
15(3/5, 1/8) U (P^Qp) \ 15(3/5, 4)) and B l = 15(2, 1/8) U 75(1/3, 1/8) U 15(3/4, 2) U 
25(4/7, 1/8) U 25(1/11, 1/8) U 25(18/11, 1) are the two minimal components. 

Notice that r = \x 1 -x 2 \3 = |v/5| 2 = 1 andD(xi, l)nQ 2 = 15(0, 1). For i = 1 or 2, 
the invariant measure for (_B i; <fi) is fi\si, the restriction of fi on B^. 
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Notation 



V 




a pillllC 11U111UC1, 


£jp 




1*1 n rr <n ■a/Hi/"* int(TPi*c" 


Q P 




field of p-adic numbers; 


n(n 


' J 


— S rp (z (H) ■ l-r a\ <? r\- 


D(a 




= la; G Or, ■ lar — al < rV 


U 




= {x G Q p : = 1}; 


V 




= {x G Q p : 3n G N+,a;" = 1}; 


K 




a finite extension of Q p ; 


Ok 




= {x G K : |x| p < 1}; 


IT 




a uniformizer of if; 


e 




the ramification index of if over Q p 


Hp 




the abosulute value on Q p or if; 


D(a, 


r) 


= {.t G K : \x — a < r}; 


D(a, 


r) 


= {.t G K : \x — a < r}; 


U 

V 




= {iefx: kip = l}; 

= {x G U : 3 m G W,x m = 1}; 


S(a, 


r) 


= {a; G K : \x — a\ p = r}; 
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